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1. The study of compressed cylindrical shells with an initial deviation 

from the circular shape has been the subject of quite a number of invest- 

igations. They are all, however, based upon the assumption of precise 

coincidence of the form of the additional elastic deflection with that 

of the intial deflection. The present paper considers the case of a shell, 

under the action of uniformly distributed external pressure, assuming 

deflectional equilibrium shapes characterized by a number of waves differ- 

ing from that of the cyclical initial deflection. The solution of the 

problem is obtained in a non-linear treatment for loosely supported short 

cylindrical shells. 

2. The following notations will be used in this paper: 6, r, 1 are 

the thickness, radius and length, respectively, of the shell; f = x/r, 
$J = y/r are dimensionless coordinates; f is the elastic deflection 

corresponding to the new wave formation; u = F/r is the dimensionless 

amplitude of the deflection of the shell corresponding to the new wave 

formation; f” is the initial deflection; a0 = Do/r is the dimensionless 

amplitude of the initial deflection; f+ is the additional elastic deflect- 

ion following the shape of the initial deflection: a+ = D+/r is the 

dimensionless amplitude of the additional elastic deflection following 

the shape of the initial deflection; a is the number of waves of the 

initial deflection; n is the number of waves of the new wave formation; 

” 
l 1 

and II r2 are the numbers of waves appearing on the surface of the 

idealized shell at the upper and the lower critical pressures respect- 

ively; k” and k are the parameters of the form of the original deflection 

and of the new wave formation respectively; E and p are Young’ s modulus 

and Poisson’s ratio respectively: q is the external pressure, 
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3. The equilibrium equation of a shell element at an additional de- 

flection of arbitrary form becomes 

82 (F, + F+) _ _ a? f.fo + f~ wh + F+) w. 3-I) 
a+ ap +. ap w 

_ 2 a2 CFO + F+) a2 (fo + f) 
at acp agaq +- 

8% (PO + F+) 
ap -m72v2(f*+f)+ 

co a2 (f. + f) 
4- E6 ag’ 

TP 
3-W‘ 

a2 ffo + #I 
&p = 0 11) 

where Fu is the value of the stress function, at the beginning of the new 
wave formation on the shell, for stresses produced by the combined bend- 
ing following the form of the initial deflection, while F+ is the stress 

function for the stresses which arise additionally at the middle surface 

of the shell in the process of deformation into the new wave form. 

The functions Fo, F+, f. and f. occurring in equation (1). are con- 
netted with each other’by the additional conditions 
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For the shell deflections we assume the following expressions 

Having integrated the system of equations (I)-(4) by the procedure 

(3) 

(4) 

usually applied to the solution of nonlinear stability problems of ideal- 

ized shells, we obtain the condition of equilibrium taking place after 
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the beginning of deformation for n waves: 

(6) 

(7) 
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We note that the equation obtained is not valid when I = n. because 

its derivation is based upon the assumption that I f n, an assumption 

which considerably simplifies the computations. 

The equation (6) is structurally analogous to the corresponding equa- 

tion of the idealized shell. We can, therefore, state that the change of 
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the wave formation on the surface of the shell is analogous to the loss 
of stability of the deflectionless equilibrium form of the idealized 
shell: in other words, this change of wave formation also takes place 
with ‘snap-through”. 

The difference is in the absolute amount of the critical pressures. 

The upper critical pressure, from equation (9). 

l3 1 c .- aol.l + ao2L2 q*+= --- 
r a2 h . 

(9) 

is characterized by a change in the wave formation at infinitesimal dis- 

turbances. The lower critical pressure 

produces a change in the wave formation at finite disturbances. 

If a0 = 0 and k = 0, then equation (9) becomes identical with the 
known formula of Mised 2 1, 

4. An unknown quantity appearing in formulas (9) and (10) is the 
magnitude of the amplitude of the additional deflection assumed by the 
shell at the moment of the beginning of the change in the wave formation. 

We obtain an equation for the determ~nat~on of a+ from the system (2) 
and (3), with (5) taken into account: 

eas, -a+ (d - 3ea”) + a+ (c - aOdi+ 2eu”*) - j$ a2h (a’ + a+) = 0 (11) 

where c, d, c, h are the same as before, with y replaced, however, by y1 
and k by k”; 

g = a2 (ko3 g1 + k”g,) 

where 

ga = f 
3.66 

-&- + (4 + y2).A‘ 
3 

Equation (11) has no zero roots, which indicates the presence 
deflectional deformations at any arbitrarily small pressures. We 
that if the amplitude of the initial deflection is smaller than 

of 
note 

the equilibrium curve, defined by equation (111, is characterized by 
stable states of equilibrium: the shell can undergo a “snap-through” 
without any change in the wave formation. 

un- 
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The equilibrium curve corresponding to the deformation following the 
form of the initial deflection, envelops the curves defined by equation 
(11) and corresponding to the values of the parameter Lo from the side 
of the smallest pressures. Computations show that the quantity a+ depends 
essentially on the number of the waves of the initial deflection, and that 
it increases rapidly when I approaches the values of R*~ and nr2. 

5. The Table presented below gives the results of the numerical com- 
putation of the critical pressures for a shell characterized by the ratios 
r/l = 3. 100 6/r = 0.65 (v* = 0.030) for three values of the wave numbers 
of the initial deflection at an amplitude of the latter equal to a0 = 
0.001 CW”/8 = 0.15); it has been assumed, in the computation of the lower 
Cqy) and the upper (q’) critical pressures, that all three shells were 
given an additional elastic deflection following the form of the initial 
deflection and corresponding to a pressure of 24 atm, in other words, 
that in the process of precritical bending to II waves each shell could 
withstand 24 atm. Moreover, the surface of the shell was given a devi- 
ation to n waves with infinitely small or finite amplitude. The upper and 
lower critical pressures given in the Table represent the loading able to 
keep the prescribed disturbance in equilibrium. 

TABLE: 

‘za / a’ / a+ / ka / P / g-e j Q+r / =,I / =*2* k 

0 0.001 0.0035 0.4 24.0 16.6 22.5 14 12) 0.6 
13 0.001 0.0125 0.6 24.0 56.0 63.0 14 12) 0.6 
18 0.001 0.0050 0.3 24.0 28.1 30.8 14 12) 0.6 

ge mention for comparison that the values of the upper and lower 
critical loadings for the same shell, but without initial deflection, are 
respectively q+ = 22 atm (for n = 14), q- = 16.2 atm (for n = 12, k = 0.6. 
The Table indi:ates higher critical presgures for the shell with initial 
deflection as compared with the idealized shell, particularly when the 
number of waves approaches n 

Lf and 

In this case “snap-through” may 
at ion, but, as shown above, by the 
following the shape of the initial 

n 
r2 

be caused not by change of wave form- 
loss of stability of deformation 
deflection (if a0 < a’?). This state- 

ment becomes clear. if one takes into consideration that the increase in 
the precritical deflection of the shell is most intensive in this case. 
so that much more energy is needed for the change of the wave formation 
than when the number of waves differs from nel and n , by 3 to 4 units. 
The Table shows e.g. that at m = 9 the shell will noi&be able to with- 
stand a pressure of 24 atm with a deformation following the initial 
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deflection; a change will take place much earlier for the 12 waves form, 

since not only the lower, but also the upper critical pressure is below 
24 atm (22.5 atm). 

The shell with m = 18 is near to stability loss with 12 waves. Thus, 

a proximity of the number of waves of the initial d.eflection to n 
l l and 

n *2 causes a rise of the critical pressures, producing in turn a change 

of wave formation, which in general may eliminate the possibility of 
“snap-through” <if a0 > a’); nevertheless, such an initial feflection is 

the most dangerous one. 1:s negative influence consists in a rapid in- 

crease in the deflections formed in accordance with the initial deflection 

with increase in pressure. In the case of highly-stressed shells such de- 

flections may lead to intensive plastic deformations as great as those 

produced by asnap-through” in an idealized shell. 

It is interesting to note that an initial deflection with a number I 

of waves smaller than n 
*1 

and n ,2 has practically no effect on the 

critical pressures (if I= 91. This theoretical conclusion is confirmed 

by the following well-known experimental fact: when shells having initial 

fabricational deflection with two, three or four waves are being tested 

in tanks, the loss of local stability of the shell takes place at 

pressures not much different from those calculated on the assumption of 

dealing with an idealized shell. The influence of an initial deflection 

with a number of waves larger than n and n is more essential for the 

following reasons: (1) more intensivzlprecri!?cal bending of the shell; 

(2) increase in the coefficients LZ1 and Lgli, indicating the necessity 

of spending more work for the change from short waves to long than vice 

versa. 

6. The computation of the critical pressures from (81 and (91 requires 

minimization of these expressions with respect to the parameters y and k; 

if the pressures are calculated from (41, the minimization must be carried 

out with respect to k. A more correct procedure is the minimization of the 

potential energy. In the case of short cylindrical shells (r/l > 31, the 

error incurred by application of the principle of minimum pressure is, so 

the author finds, relatively small, in view of the small amount of the 

deflections accompanying the change of the wave formation. 
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